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Abstract 

We prove that any compact complex surface with ci > admits an 
Einstein metric which is conformally related to a Kahler metric. The 
key new ingredient is the existence of such a metric on the blow-up 
CP2#2CP2 of the complex projective plane at two distinct points. 

1 Introduction 

Recall that a Riemannian manifold (M, h) is said to be Einstein if its Ricci 
tensor r satisfies 

r^Xh 

for some real number A. If, on the other hand, M is equipped with an 
integrable almost-complex structure J, so that (M, J) is a complex manifold, 
then we say that a Riemannian metric h is Hermitian with respect to J if 
h = h{J-, J-). The purpose of this article is to prove the following: 

Theorem A If {M, J) is the compact complex surface obtained from CP2 by 
blowing up two distinct points, then (M, J) admits an Einstein metric h of 
positive Ricci curvature which is Hermitian with respect to J. 

The complex surface figuring in this result is diffeomorphic to CP2#2CP2, 
and can also be obtained by blowing up CPi x CPi at one point. This 
manifold has Ci(M, J) > 0, in the sense that its first Chern class is the Kahler 
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class of a Kahler metric; thus, it is an example of a del Pezzo surface — i.e. a 
Fano manifold of complex dimension 2. However, by a result of Matsushima 
[54], it cannot admit a Kahler- Einstein metric, because its automorphism 
group is non-reductive. 

Our strategy for proving Theorem A was originally motivated by the work 
of Derdzinski [12, 22] on Einstein metrics which are conformally Kahler. 
By extending Derdzinski's results, the second author has shown elsewhere 
[42] that if a Hermitian metric h on a compact complex surface (M^, J) is 
Einstein, then h is necessarily conformal to a Kahler metric g, and that, 
unless h is itself Kahler, then 

• (M, J) has ci > 0, and is obtained from CP2 by blowing up 1, 2, or 3 
points in general position; 

• h has positive Ricci curvature; 

• g is an extremal Kahler metric in the sense of Calabi [15, 16]; 

• the scalar curvature s of is everywhere positive; and 

• after appropriate normalization, h = s~^g. 

These observations conversely motivate the proof of Theorem A, which pro- 
ceeds by constructing an extremal Kahler metric g with the property that 
h = s~^g is Einstein. This is done by using a weak compactness result of 
the first and third authors to produce large deformations of certain extremal 
Kahler metrics constructed by Arezzo, Pacard and Singer [4] . For a concise 
summary of the proof, see §2 below. 

Now CP2#CP2 carries an Einstein metric originally discovered by Page 
[57], and it was later pointed out [12] that the Page metric is actually con- 
formal to one of the extremal Kahler metrics constructed by Calabi [15] on 
the one-point blow-up CP2. As the Kahler- Einstein case has been completely 
solved by Aubin, Yau, and Tian [9, 73, 65], Theorem A exactly fills in the 
missing puzzle-piece needed to prove the following: 

CoroUciry 1 Let (M^, J) be a compact complex surface. Then M admits an 
Einstein metric which is Hermitian with respect to J if and only if 

Ci(M, J) = X[uj] 

for some real constant A and some Kahler class [lu] e i?^(M, M). 



2 



Theorem A also completes the solution of a slightly different problem. 
Let us instead focus on the underlying 4-manifold M of a compact complex 
surface, and, without supposing anything about the relationship between 
the metric and complex structure, ask when this smooth manifold admits an 
Einstein metric with positive A. By the Hitchin-Thorpe inequality [12, 30, 
64], the existence of such a metric implies that M has cf — 2x + St > 0. 
However, the latter ensures [25, 41] that the Seiberg-Witten invariant [72] 
is well-defined, and the existence of a positive-scalar-curvature metric then 
forces the invariant to vanish. But since cf > 0, the Kodaira classification [11] 
says that the complex surface M is either rational or of general type. Since 
the Seiberg-Witten invariant of M would be non-zero if it were of general 
type, we therefore conclude that M can obtained from either CP2 or a rational 
ruled surface by blowing up; and since cf > 0, we thus conclude that M is 
diffeomorphic to either CP2#A;CP2, < /c < 8, or to 5*^ x S"^. Similarly, one 
can reach this same conclusion if the assumption that M admits a complex 
structure is replaced with the hypothesis that it admits a symplectic form [51, 
56]. In conjunction with the results of Tian-Yau [71], Theorem A therefore 
implies the following: 

Corollary 2 Let M be a smooth compact oriented A-manifold which either 

admits a complex structure or admits a symplectic structure. Then M carries 
an Einstein metric of positive scalar curvature if and only if it is orientedly 
diffeomorphic to either a connected sum CP2#A;CP2, where < k < 8, or 
else to X S^. 

2 Strategy 

We now outline the proof of Theorem A. 

Arezzo, Pacard, and Singer [4] have shown that if CPi x CPi is blown up 
at a point, the resulting complex surface M 
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admits extremal Kahler metrics; in particular, their work shows that such 
metrics can be found in the Kahler classes Fi + F2 — eE for any sufficiently 
small e > 0, where E is the Poincare dual of the exceptional divisor intro- 
duced by blowing up, and where Fi and F2 are the Poincare duals of the 
factor CPi's of CPi x CPi. We note in passing that the homology classes 
Fi — E and F2 — E are also represented by (—1) -curves, and that blowing 
these two exceptional divisors down 



results in CP2; thus M may also be described as CP2#2CP2. We also note 
that the Kahler classes we are choosing to study are ones for which Fi and 
F2 have equal areas, even though the Arezzo-Pacard-Singer result would also 
construct extremal Kahler metrics for which the ratios of these areas is quite 
arbitrary. By the uniqueness of extremal Kahler metrics in a given Kahler 
class [19], the metrics we are considering therefore not only have an isometric 
C/(l) X C/(l)-action, but also admit an additional isometric Z2 action which 
interchanges Fi and F2. This leads to major technical simplifications which 
will play a crucial role in our proof. We thus introduce the term bilaterally 
symmetric to describe both those Kahler classes which are invariant under 
the interchange Fi F2, as well as the extremal Kahler metrics we will find 
in many such classes. 

By a general result [44] proved via the inverse-function theorem, the ex- 
tremal cone, consisting of the Kahler classes of all extremal Kahler metrics 
on (M, J) is automatically open in ff-^'^(M, M); consequently, the set of e for 
which the relevant Kahler class contains an extremal Kahler metric is open. 
As we increase e, we can then use the Futaki invariant to show that the value 
of the Calabi functional 



on these extremal metrics initially decreases, but would eventually reach a 
minimum and then increase if we could simply take e to be sufficiently large. 
If we can simply arrange for e to achieve a value which extremizes C{g), 




E 
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we show in §4 that the corresponding extremal metric will then actually be 
conformally Einstein. 

Thus, the problem essentially boils down to showing that, within a certain 
range, the set of e achieved by extremal Kahler metrics is actually closed as 
well as open. Our method of showing this is based on an orbifold compactness 
result proved elsewhere by the first and third authors [20] . In order to apply 
this, we must first prove a uniform estimate for the Sobolev constant of 
the metrics involved; this is done in §5. Next, we must show that orbifold 
singularities cannot form in the limit. This is done by showing that curvature 
can never concentrate in too small a region, since, upon rescaling, this would 
result in an asymptotically locally flat manifold which, given the topological 
and symmetry conditions imposed by our situation, would ultimately require 
the concentration of more curvature than is actually available. 



3 The Calabi Functional 

If (M, gf, J) is an extremal Kahler metric on a compact complex surface, the 
Calabi functional takes the value 

C{g) = sljd^ + j{s- sofd^i = 327r^^^i|^ - ^ M) 

where Sq is the average value of the scalar curvature, denotes the Futaki 
invariant, and ^ = grad^'^s is the extremal vector field of the class [u]. It 
is crucial for our purposes that ^ may be determined [27] up to conjugation 
even without knowing that an extremal metric exists. Thus, one may define 
a functional 

on the entire Kahler cone, independent of the existence of extremal Kahler 
metrics. This functional has the important property [18] that any Kahler 
metric g in the Kahler class [uj] satisfies the curvature inequality 



1 



327r2 



s'^dfjL > A{[u;]) 



with equality iff g is an extremal metric. Notice that our normalization has 
been chosen so that we automatically have 

Aiiu]) > cl{M) 
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for any Kahler class. This section will now begin with a discussion of the 
problem, first explored in [41], of finding a critical point of A, considered as 
a function on the Kahler cone. To do this, we will use computations of the 
Futaki invariant first given in [45] for the blow-up of CP2 at < 3 points in 
general position. 

Any extremal Kahler metric is invariant [16] under a maximal compact 

subgroup of the identity component of the complex automorphism group, and 
since such subgroups are unique up to conjugation, we may simply choose 
one; in the present case, this means that we may consider only metrics which 
are invariant under the 2-torus of automorphisms of M induced by 

{[ui : U2], [vi : ^2]) ^ ([-ui : e'^U2], [vi : e^'^Va]) , 

where M is thought of as the blow-up of CPi x CPi at ([0 : 1],[0 : 1]). 

We also choose only to consider bilaterally symmetric Kahler classes [cu] — 
{p + s){Fi + F2) -sEonM^ CP2#2CP2: 




Here the term bilaterally symmetric is again used to indicate that the class 
in question is invariant under Fi ^ F2. The numbers f3 and e respectively 
represent the areas of the (— l)-curves Fi — E and E; both are thus required 
to be positive, but they may otherwise be taken to be completely arbitrary. 
Since A is invariant under the Z2-action Fi <-> F2 induced by interchanging 
the factors of CPi x CPi, and is also invariant under rescaling [u] ~^ a [a;], 
any critical point of the function 

f(x)^A([l + x](F, + F2)-xE) 

will yield a critical point {(3,e) = (l,a;), and conversely, up to rescaling, a 
critical point of A arises this way if and only if the relevant Kahler class is 
bilaterally symmetric. 

Now, for any T^-invariant, bilaterally symmetric Kahler metric, the real 
part of the extremal Kahler vector field ^ belongs to the Lie algebra of our 



6 



maximal compact subgroup C Auto(M), and must be invariant under 
Fi ^ F2. Thus ^ must be a multiple of the generator S of the -action 
induced by the action 

{[ui : U2], [vi :V2])^ {[ui : CU2], [vi : CV2]) 

on CPi X CPi. But S = grad^'^t for a real- valued Hamiltonian function t 
which by symplectic reduction [45] can be shown to satisfy 

[12ttuj]'^ j{t- tofdn = 12/3^ + 72/3^£ + ISS/J^s^ + 120/3^£^ 

+54/52£^ + I2(5e^ + (1) 

where to is the average value of t. On the other hand, it was shown in [45] 
that 



Since ^(S, [uj]) = — J{t — tQ){s — SQ)d^, an explicit formula for A can now 
be deduced by setting (s — sq) — X{t — to) and solving for A to obtain 



A 



12/36 + 72/3% + 138/3%2 + i20/3%3 + 54/32^4 + i2(3e^ + 



so that 
1 



327r2 



327r2 
9 



A^(H,[a;]) 



4/3e[£V3 + /3£ + /32] 



and 



2[ujf 12/36 + 72/3% + 138/3%2 + 120/3^3 + 54/52^4 + 12/3^5 + 
(ci ■ [^])^ ^ 



Z2ti' 



(4/3 + 3£)- 



327r2 



r-^(e,[a;]) 



Hence 



AM) = fix) 



32 + 176x + 318^2 + 280x=^ + 132x4 + 32x^ + 
12 + 72x + 138x2 + 120x3 + 54x4 + 12^5 + 



where x — e/(5. For x > 0, technology^ indicates that this has a unique 
critical point, an absolute minimum, at x ~ 0.958. 




However, we will need a great deal less for the purposes of our proof: 

Lemma 3 There is a number Xq > such that the function 

/32 + 176x + 318x2 + 2S0x^ + 132x^ + 32x^ + 3x^\ 
V 12 + 72x + 138x2 + 120a;3 + 54x4 + 12x5 + ) 

has a critical point at x — Xq, and such that /(x) < 8 on (0, Xq]. 



Proof. Notice that /(O) = 8, and that /'(O) = -4 < 0, so /(x) < 8 for 
small positive x. However, lima-^oo f{x) = 9, so /'(x) must be positive some- 
where. We can therefore simply define xq be the first positive number at 
which /'(x) = 0, since it then follows that / is decreasing on [0, xq]. I 

We leave it as an exercise for the interested reader to check that /'(I) > 0, 
so that in fact xq < 1. However, it turns out that we will never actually need 
this sort of information for the purposes of our proofs. 

We would also like to know if there are values of x = e//? for which the 
scalar curvature of the corresponding Kahler metric is everywhere positive. 
To determine this, notice that, since the Hamiltonian t generates rotations 
of period 27r of Fi and F2 — E, while leaving E fixed, symplectic geometry 
tells us that 

(/5 + e)+/5 = 27r(t,nax-tmin), 

^Figure generated by Pacific Tech's Graphing Calculator program for Mac OS X. 
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and hence that 

^max ^min — ~Z (2/3 ~l~ s) ■ 
ZTT 

Thus 

^min — ^max 7t (2/3 ~l~ s) 
ZTT 

> ,0-^(2/5 + 5) 

8n{A/3 + 3e) 727r(2/3 + e)4/3e[eV3 + /3e + /^^ 



2/32 + 4/?e + £2 12/56 + 72/3% + 138/3%2 + i20/33e3 + bAp^e'^ + U^e^ + 
4 + 3x 9(2 + x)Ax[x'^/Z + X + 1] ] 



87r/3-^ 
87r/3 



2 + 4x + x2 12 + 72x + 138x2 + 120^3 + 54^4 + 12x5 + x^. 
1 48 + 180x + 264^2 + 270x=^ + 204x^ + 102x^ + 28^6 + 3a;^ 



(2 + 4x + x2)(12 + 72x + 138x2 + 120x3 + 54x4 + 12x5 + x^) 
> 0. 

This proves the following: 

Lemma 4 Any bilaterally symmetric extremal Kdhler metric on M — CP2#2CP2 
has strictly positive scalar curvature. 

This computation also implies a C° estimate for the scalar curvature of 
such metrics. Indeed, we now have 

W = Sinin + !^(2/3 + £) < So + !^(2/3 + s) < 2so. 

ZTT ZTT 

Letting V = [co']^/2 denote the total volume, we thus have 
SO that we have the following: 

Lemma 5 The scalar curvature of any bilaterally symmetric extremal Kdhler 
metric g on M — CP2#2CP2 satisfies the C° estimate 
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4 The Bach Tensor 



If M is any smooth compact oriented 4-manifold, consider the conformally 
invariant Riemannian functional 



J M 



obtained by squaring the L^-norm of the Weyl curvature. For any smooth 
1-parameter family of metrics 

g,:^g + tg + O(i') 

the first variation of this functional is then given by 

where [12] the Bach tensor B is given by 



Bab := {^'^''+lr''')WaM. 

The Bach tensor is automatically symmetric and trace-free, and the latter 
is precisely the infinitesimal version of the fact that the functional J \ W\'^diJ, 
is conformally invariant. Similarly, since J jVFpd// is also invariant under the 
action of the diffeomorphism group, the first variation of W with respect to 
any Lie derivative g — C^g must also vanish. Thus 

= J {V^'^v'^)Bab dn=- j v'iV'^Bab) dji 

for any vector field and it follows that we must have 

VBab = 0. 

Thus, the Bach tensor of any metric is automatically divergence-free. 
Now the Bianchi identities imply that 
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for any Riemannian 4-manifold, so we can also rewrite the Bach tensor as 

where — iyV + 'kW)/2 is the self-dual Weyl curvature. Moreover, since 
2 [ \W+\'^dfi= I 127rV(M) 

JM Jm 

for any Riemannian metric, it follows that the vanishing of the Bach tensor 
B is equivalent to g being a critical point of the functional 



>V+(5) 



\W+\ldlIg . 



But for a Kahler surface (M^, g, J) with Kahler form a;, 

cd S 



SO in this case we obtain 



12 



00, 



si 11 

Bab = Y^rab + -^Ja'Jb'^^c^dS - ^^^a^bS + g^afeAs. 

If 5f happens to be extremal, VVs is J-invariant, and this simplifies to become 

1 



B = 



12 



sr + 2 Hesso(s) 



(2) 



where Hesso denotes the trace-free part of the Hessian VV. Moreover, the 
J-invariance of VVs implies that 

{VVs){J;-) = idds, 

so we deduce the following: 

Lemma 6 For any extremal Kahler surface {M'^,g, J), the Bach tensor B 
of g can be written as B = tp{-,J-), where ip is a harmonic {l,l)-form. 
Moreover, ip is given explicitly by 



i^:^B{J;-) 



1 r 
12 



sp + 2idds 



where p is the Ricci form of {M,g, J), and [ ■ ]o denotes projection to the 
primitive part of a (1, l)-form. 
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Proof. It only remains to show that ip is harmonic. Since B is divergence- 
free, 

(5^), = -V>.f, = V>fea = V'B^Jb' = Jb'V'Bac = , 

and the (1, l)-form ip is therefore co-closed. But since B is orthogonal to g, 
ip e A^'^ is orthogonal to the Kahler form a;, and so belongs to the primitive 
(1, l)-forms Aq ^ C A^'^. However, Aq ^ = A~ on a Hermitian manifold of real 
dimension 4, so this shows that -0 is an anti-self-dual 2-form.Thus 

dip = d{— ^ijj) = ^6ijj = 0, 
and the (1, l)-form ip is therefore harmonic, as claimed. I 



Now consider the Calabi functional 




on the space of Kahler metrics. If we restrict this functional to any particular 
Kahler class, the critical points are by definition just the extremal Kahler 
metrics. However, if we instead have a critical point of this functional on the 
space of all Kahler metrics, a critical point must not only be extremal, but 
must be conformally Einstein on the set where s ^ 0. 

Proposition 7 Suppose that g is an extremal Kahler metric on a compact 
complex surface, and suppose that its Kahler class is a critical point of A{\ui\), 
considered as a function on the Kahler cone. Then g has vanishing Bach 
tensor. Moreover, on the open subset of M where the scalar curvature s of g 
is non-zero, the conformally related metric h = s^^g is Einstein. 



Proof. Our hypothesis is equivalent to the assumption that is a critical 
point of C, considered as a function on the space of all Kahler metrics. But 
for any Kahler metric in real dimension 4, 

+ l 24' 

so this happens iff is a critical point of the restriction of W+ to the space 
of Kahler metrics. In other words, our hypothesis is true if and only if is a 
Kahler metric such that 

' g'''Babdli = 



12 



for every g arising from a variation through Kahler metrics. But Lemma 6 
says that one may find such a variation, with ci; = -0, by setting g — B. It 
therefore follows that 




and we must therefore have 5 = 0. 

Now recall that if ^ = u^g is any conformal rescahng of a given Rieman- 
nian metric g, the trace-free Ricci curvature of g is given by 

f — f + {n — 2)u Hesso(M~^) , 

where n is the real dimension, so that n = 4 in the case at hand. But we 
have just shown that B — 0, so (2) tells us that 

f = — 2s~^ Hesso(s) . 

Setting u = s~^, we therefore conclude that 

r = -2s-^ Hesso(s) + (4 - 2)s-^ Hesso(s) = , 

so the conformally related metric h = s~^g is indeed Einstein on the open 
set {p e M I 7^ 0} where it is defined. I 

The reader should note that Proposition 7 has previously been pointed out 
by Simanca [62], but, because of the central role it plays in the present work, 
we have thought it important to include a self-contained and transparent 
proof in this article. The fact that Bach-flat Kahler metrics can be rescaled 
by their scalar CTirvaturcs to yield Einstein metrics has of course been known 
for much longer, and is due to Derdzihski [22]. 

Corollary 8 Let xq he the positive real number of Lemma 3. If the Kahler 
class {1+xq){Fi + F2)—xqE on M = CP2#2CP2 contains an extremal Kahler 
metric g, then h = s~^g is an Einstein metric on M. 

Proof. The functional v4.([ci;]) is invariant under rescalings [ui] — ^ \[uj] and 
bilateral symmetries Fi F2. Thus any critical point of the restriction of 
A to the classes of the form (1 -|- x){Fi + F2) — xE is also a critical point of 
A itself. But since 

f{x)^A{{l + x){F^ + F2)-xE) , 
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Lemma 3 exactly tells us that (1 + Xq) (Fi + F2) — XqE is such a critical point. 
Since Lemma 4 also teUs us that such an extremal Kahler metric would au- 
tomatically have s > 0, Proposition 7 then guarantees that h = s~^g would 
be an Einstein metric, defined on all of M. I 



5 Sobolev Constants 

If (M, J) is a compact complex surface, we will say that a Kahler class [cu] 
on M belongs to the controlled cone if 



cm - 1 



> 



This is equivalent to requiring that 

so that an extremal Kahler metric g in [cu] would then satisfy 

Now our computations in §3 for bilaterally symmetric classes shows that 
'32 + 176a; + SlSx"^ + 280x^ + 132a;^ + 32x^ + 3a;^^ 



^(M) = 3 

= 9 
< 9, 



12 + 72x + 138x2 + 120x3 + 5Ax^ + 12a;5 + x^ 
32 + 176a: + 318a;2 + 280x3 + 132x^ + 32x^ + 3x6 
36 + 216x + 414x2 + 360x3 + ig2a;4 + 353,5 + 3^,6 



as follows by term-by-term comparison of the numerator and denominator. 
Since c?(CP2#2CP2) = 7, we thus have 

A{[uj]) < 9 < 10.5 = ^c?(M) 
for any bilaterally symmetric class. This shows the following: 

Lemma 9 Any bilaterally symmetric Kahler class [cu] on M — CP2#2CP2 
belongs to the controlled cone. 
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By refining an idea first suggested by Gang Tian [66] , we will now show 

that this allows us to prove to uniform estimates of the Yamabe constants 
and Sobolcv constants of these metrics; cf. [20, 70]. Let us first recall that 
the Yamabe constant of a conformal class [g] of Riemannian metrics on a 
compact 4-manifold M is the number 

By the celebrated work of Trudinger, Aubin, and Schoen [10, 46] the infimum 
for any conformal class [g\ is actually achieved by some metric, and this so- 
called Yamabe minimizer gy G [g\ necessarily has constant scalar curvature. 
Now the scalar curvature of a metric g — u^g conformal to g satisfies 

SgU^ = (6A + s)u , 

where A is the positive Laplacian, so the Yamabe constant may be re- 
expressed as 

and notice that we are now allowing ourselves to consider even those smooth 
u which change sign, since replacing u with a positive smoothing of \u\ at 
worst decreases the quotient on the right. If Y[g] > 0, we thus have 

ll*<^l|v* + ^IHIi. 

^[9] ^9] 

for all u G Lf. In particular, if we define [2, 70] the Sobolev constant Cs of g 
to be the smallest constant such that the estimate 

\\u\\l.<Cs{\\Vu\\l, + V-'l^\\u\\l,) 

holds, where V is the total volume of {M,g), then we automatically have 

max(6. .s„,ax1^^/^) 

< ^ (<3j 

^9] 

for any compact Riemannian 4-manifold (M, g) with Y^g^ > 0. 
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Now the Gauss-Bonnet and signature theorems for a smooth compact 
oriented 4-manifold M imply that 

for every Riemannian metric on M. If M admits an orientation-compatible 
almost-complex structure, (2% -|- 3t)(M) = cf, and we therefore have 

However, Vy+ = / is conformally invariant, so applying this inequal- 

ity to a Yamabe minimizer gy G [51] gives us 

Y^lj>96n'cj-A8W+ig) 

for every Riemannian metric g. In the special case when g is Kahler, we have 



>V+(<7) = 




so this gives us 

Y^g] > QGn^cj -2 [ s'^dn 
Jm 

in the Kahler case. When g is extremal, 

[ s^d// = 327rM([a;]) 
Jm 

we therefore conclude that 

^fl^647r^Q^?-'4(M))- (4) 

Thus Yamabe constants are bounded away from zero in the interior of the 
controlled cone. 

Now Lemma 4 tells us that any bilaterally symmetric extremal Kahler 
metric on M = CP2#2CP2 has positive scalar curvature, and hence has 

positive Yamabe constant Y^g]. Since fi(Af) = 7 and A{g) < 9, inequality 
(4) therefore tells us that these metrics all satisfy 

y[9] > 8^'\/^(7)-9 = 4vrx/6. 
16 



With Lemma 5 and inequality (3), this then tells us that the Sobolev con- 
stants of these metrics satisfy the uniform bound 



max(6.24.v/2)^^^ 
47rA/6 

But, by previous work of the first and third authors [20], a uniform upper 
bound on Sobolev constants implies a weak compactness statement: 

Theorem 10 Let Qi be an arbitrary sequence of unit-volume bilaterally sym- 
metric extremal Kdhler metrics on M = CP2#2CP2. Then there is a subse- 
quence Qi^ of these metrics which converges in the Gromov-Hausdorff topology 
to an extremal Kdhler metric on a compact complex 2-orbifold. 

Now in general, the limit orbifold can certainly be different from M; 
in particular, the construction of Arezzo-Pacard- Singer [4] shows that when 
X ^ 0, the limit orbifold is the manifold CPi x CPi, whereas when x ^ oo, 
the limit orbifold is the manifold CP2. In order to prove Theorem A, what 
we therefore need to do is rule out the bubbling off of curvature and topology 
in the case of increasing sequences of x e (0, xo]- 



6 Formation of Bubbles 

Without further work, the results of [20] only allow us to conclude that 
sequences of extremal metrics with bounded Sobolev constant have orbifold 
limits in the Gromov-Hausdorff sense. However, just as in the earlier work 
of Anderson [1, 2, 3] and Tian-Viaclovsky [68, 70], the orbifold singularities 
can only arise by a very specific mechanism of curvature concentration. 

Suppose we have a sequence of unit- volume extremal Kahler metrics gi, 
and let us also assume that we have upper and lower bounds of their scalar 
curvatures: 

\sg^\ < const. 

Assuming the uniform Sobolev constant bounds, the curvatures of these met- 
rics becomes unboundedly large at a point only if the norm of curvature 
reaches a definite threshold on arbitrarily small balls, in the precise sense 
that, there are universal constants C, eo > (depending only on the dimen- 
sion and the Sobolev constant) so that, if we set g — C\TZp\~'^, we then 
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have 

[ \n\^dix > eo. (5) 

If there is no uniform bound for the sectional curvatures of the gi, we can 
choose points pi centered at points of large curvature, rescale so that \7lp^ \ = 
1, and then take a pointed limit of some subsequence. The limit (which is 
called a bubble) will then be a complete extremal Kahler orbifold of total 
energy J \TZ\'^dfi > eo- Because the metric was rescaled at each stage by 
factors tending toward infinity, the scalar curvatures are commensurately 
multiphed by factors tending toward zero, and our assumed uniform bounds 
on s then imply that the limit orbifold is actually scalar-flat Kahler. 

The bubble's structure at infinity is also known. The Sobolcv constant 
bound implies a global Euclidean volume growth lower bound on the orbifold. 
The eo-regularity theorem for extremal metrics asserts that 

sup |7^| < Cg~^ ( f \n\A whenever [ |7^|^ < eo. 

Since the total energy is bounded, points far enough away from the basepoint 
must be at the center of large balls of small energy, and so that \TZ\ = o(h~^), 
where a denotes the Euclidean radius in asymptotic coordinates; moreover, 
since the bubbles that actually concern us here will actually be anti-self- 
dual 4-manifolds, we can appeal to the results of Tian and Viaclovsky [69, 
Proposition 5.2] to obtain the faster curvature fall-off \7l\ = o(fl^^+^), for any 
5 > 0, at infinity. Results of Anderson [2] and Tian-Viaclovski [70] also show 
that the bubble has only finitely many ends, each of which is asymptotically 
locally Euclidean (ALE), meaning each end is asymptotic to the the standard 
cone metric on In our case one can improve this even further, as results 

of Li and Tam [48, Theorem 4.1] [49, Theorem 1.9] then imply that an ALE 
Kahler manifold has just one end.^ 

Now even these rescaled metrics may have curvature concentration points; 
however, we can then repeat the above procedure by picking points qi a fi- 
nite distance from pi that have \7lg- 1 ^ oo, and rescaling and taking another 

^In real dimension 4, this assertion can be seen more directly by first showing that such 
a manifold can be compactified into a compact complex surface by adding a divisor of pos- 
itive self-intersection at each end. But for any compact complex surface, the intersection 
form on H^'^ is always [11] either Lorentzian or negative definite, so any two divisors of 
positive self-intersection must necessarily meet. The existence of two or more ends would 
thus lead to an immediate contradiction. 
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pointed limit. The above-cited regularity theorem from [20] implies that 
each stage must have a ball of large radius that, after removing the points 
of curvature concentration, has at least eo worth of energy. Since there is 
a finite amount of total energy available, this process must eventually ter- 
minate with a single-ended, scalar-flat ALE Kahler manifold. Any blow-up 
limit that yields a smooth metric will be called a deepest bubble. Obviously, 
no curvature can bubble off at all unless such a deepest bubble can be con- 
structed. Indeed, the absence of a deepest bubble would imply a uniform 
bound on sectional curvature, leading to smooth convergence everywhere. 

Let us now specialize to the special case of a sequence Qi of unit- volume 
bilaterally symmetric extremal Kahler metrics on M = CP2#2CP2. First 
notice that Lemma 5 asserts that such metrics do in fact satisfy a uniform 
scalar curvature bound, so the above discussion does indeed apply. Since the 
curvature of any deepest bubble {X, g^) necessarily arises from a concentra- 
tion of the curvatures of the gi, we thus have the following: 

Lemma 11 Let g^ be a sequence of metrics as in Theorem 10. If g^ fails 
to converge modulo diff'eomorphisms in the smooth topology, then there is a 
non-trivial asymptotically locally Euclidean (ALE) scalar-fiat Kahler mani- 
fold {X, goo) which arises as a pointed Gromov-Hausdorff limit of rescalings 
of a subsequence of the gi. Moreover, the trace-free Ricci curvature and anti- 
self-dual Weyl curvature of X necessarily satisfy 

r\^dng^ < lim sup / \r\^dng^ 

X i-*oo JM 

W-?diXg^ < lim sup / 



X i— >oo JM 



Because [40] scalar-flat Kahler surfaces are ant i- self- dual as oriented Rie- 
mannian 4-manifolds, the following regularity observation therefore applies 
to the present context. 

Proposition 12 Let {X, g^) he any ALE anti- self- dual A-manifold, where 

goo = Euclidean -\- o{a.~^~^^), dg^o = o{si~^^^), 

for some 5 e (0,1/2), where a denotes the Euclidean radius. Consider the 
orbifold compactification X of X obtained by adding an extra point at each 
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end of X. Then X carries a canonical real- analytic structure such that the 
conformal class [goo] extends to X as a real-analytic anti-self-dual conformal 
metric [g]. 

Proof. In inverted coordinates, the conformally related metric g = gfoo-s"^ is 
Euclidean +o(^^~''), where g — 1/ii, so g^o thus determines a C^'"' conformal 
metric go on the orbifold compactification X oi X, for any a e (1/2, 1 — 5). 

Let Y ^ M.^ he a uniformizing chart for any end of X. The Christoffel 
symbols of go are thus of class C°'", and the standard Atiyah-Hitchin-Singer 
formulation of the twistor construction [7, 40] 




gives us an almost-complex structure J on the 6-manifold Z defined as the 
2-sphere bundle -S'(A+) — > Y. We now apply the Hill-Taylor version [29] 
of the Newlander-Nirenberg theorem for rough almost-complex structures. 
Since J is an almost-complex structure of class C"^'", a > 1/2, its Nijenhuis 
tensor A/j is not only well-defined in the distributional sense, but actually 
[29, Lemma 1.2, Remark 1.5] of Sobolev regularity better than L'^_ij2- But 
since [^o] = [5*00] is anti-self-dual away from the added point at infinity, Hj is 
supported at the added twistor fiber, which is a submanifold of Z. However, 
a distribution of Sobolev class L'^_ii2 that is supported on a real hypcrsurface 
is automatically zero, as follows from [50, Chapter 1, Theorem 11.1] and du- 
ality. Thus it follows that Mj = in the distributional sense, and (Z, J) is 
therefore [29, Theorem 1.1] a complex manifold. Inverting the twistor cor- 
respondence [32, 43, 58] therefore reahzes Y as the real slice of the moduli 
space of rational curves CPi C Z of with normal bundle 0{1) © C(l); and, 
more importantly, this moduli space carries an anti-holomorphic involution 
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fixing Y and a natural holomorphic conformal structure whose restriction to 

Y is [^o]- In particular, Y can be given a real-analytic structure in which 
[^o] is represented by a real-analytic metric g. Dividing Y by the appropriate 
group r now gives us an orbifold chart associated with the given end, and 
repeating the same argument for each end then gives X the promised struc- 
ture. I 

Notice that the results of Tian and Viaclovsky [69] tell us that the hy- 
potheses of this proposition hold whenever an anti-self-dual manifold {X, g^) 
arises as a bubble. This has many useful consequences: 

Proposition 13 Let {X, g^) be any scalar-flat ALE anti-self-dual 4-manifold, 

where 

goo = Euclidean + o(fl^^^^), dg^o = o{si~^'^^), 

for some S e (0,1/2), where a. denotes the Euclidean radius. Then X has 
negative intersection form. Moreover, after possibly passing to better charts 
at infinity, g^o actually satisfies the improved fall-off conditions 

g^ = Euclidean + 0{a.-^), d'^g^ = 0(^-2-™) Vm > 1. 

In particular, these conclusions apply to any deepest bubble {X, g^) arising 
as in Lemma 11. 

Proof. The real-analytic conformal class [g\ can be represented by a real- 
analytic metric g whose scalar-curvature s doesn't change sign; for example, 
such a metric can be constructed via Trudinger's trick of rescaling by the 
lowest eigenfunction of the Yamabe Laplacian. Setting g^ — u^g for > 0, 
one then finds that u is real-analytic and proper on. X — X, and solves the 
equation 

0=(A+^K (6) 

so that we must have s > by examination of the minima of u. 

Let us now represent the deRham groups H^{X) by harmonic 2-forms 
with respect to g. Letting (/? be any such harmonic 2-form, its self-dual part 
ip^ = {ip + *(p)/2 then satisfies the Weitzenbock formula 

= (d + d*) = V*Vip+ - 2W(ip+, •) + ^ip+ = V*V(/?+ + 
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Taking the inner product with and integrating, we thus conclude that 
if'^ vanishes. Hence any harmonic form on X is anti-self-dual, and the inter- 
section form of X is negative. Since H'^[X) = H^{X) = H^{X), the same 
therefore applies to our original manifold X. 

Now (6) reveals that u is in fact a linear superposition of the Yamabe 
Green's functions of the ends. Since the Yamabe Green's function of an anti- 
self-dual manifold is real-analytic in any real-analytic conformal gauge, and 
has a local expansion [5] 

Gy = A o o + bounded 

without log(^) term, the improved asymptotic expansion for now follows 
by inverting geodesic coordinates about each point oi X — X. I 

This said, we now immediately have the following: 

Lemma 14 Let Qi and (X, g^) he as in Lemma 11. Then X is diffeomorphic 
to an open subset of M. Moreover, bi{X) — b^lX) — 0, and b2{X) < 2. 



Proof. The bubble {X, g^) is obtained as a pointed Gromov-Hausdorff limit 
of rescaled versions of small metric balls in M, and the rescaling is done in 
such a manner as to arrange that the sectional curvatures are bounded. One 
therefore gets smooth convergence on compact subsets by passing to a sub- 
sequence and applying suitable diffeomorphisms. But X is diffeomorphic to 
the interior of a compact domain U (Z X with smooth boundary S^/T. This 
domain can then be mapped diffeomorphically into the manifold, resulting 
in a decomposition 

M^UUsyrV (7) 

where U and V are manifolds- with-boundary, X pa lnt{U), and dU = dV = 
S^/r. Since M = CP2#2CP2 is simply connected, the Mayer- Vietoris se- 
quence tells us that both U and V have bi — b3 — 0, while 

H^{M, M) = H^{U, M) © H^{V, M). 

Since the analogous statements similarly hold for homology, the intersection 
form of X ^ lnt([/) is just the restriction of the intersection form of if ^(M) 
to the linear subspace H'^{U) C H'^{M). But the intersection form of X is 
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negative by Proposition 13, and it thus follows that b2{X) < 6_(M) — 2. I 



The following will also prove quite useful. 

Lemma 15 Let gi and {X,g^) be as in Lemma 11. If the open subset of 

Lemma 14 cannot be taken to be invariant under under Fi F2, then cur- 
vature is accumulating in more than one region, and 



Proof. If we go far out in the sequence, the deepest bubble essentially arises 
by rescaling the interior of a domain Uj of small diameter, where the 
norms of curvatures on Uj closely approximate the corresponding norms for 
the deepest bubble X. Now move this domain by the isometry Fi F2 to ob- 
tain another domain C/j. If, after again passing to a subsequence, the rescaled 
distance from Uj to C/j remains bounded, the pointed Gromov-Hausdorff limit 
will include the limits of the C/j, and we will have an induced isometry which 
exchanges the two. Otherwise, the concentration of curvature represented by 
the Uj U U'j is reflected, not by (X, (^oo), but rather by disjoint two copies of 
it, and we therefore get a factor of two in the relevant curvature inequalities. I 

Proposition 16 Let {X,goo) be a deepest bubble, as in Lemma 11. Then g^o 
is toric, and H2{X) is generated by holomorphically embedded CPi 's in X . 

Proof. Recall that a Killing vector field 77 on a Riemannian manifold is 
completely determined by its 1-jet at any point p, since the restriction of 
such a field to any geodesic solves a second-order ODE — namely, Jacobi's 
equation. Because Killing's equation says VaVb = —^bVa, the initial data for 
a Killing field may be identified with © A^. If we equip the bundle A^ © A^ 
with a connection defined by 

wc thus conclude that Killing fields precisely correspond, via 77" 1— > (?7f,, VcVd), 
to D-parallel sections of A^ © A^. A constant rescaling g eg of the metric 
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merely induces a homothety {rj, (p) i— > (cr), c(p), and so in particular does not 
affect the correspondence between 1-parameter subgroups of the isometry 
group and parallel line-sub-bundles of © A^. 

Since {X,g^) is constructed as a pointed limit, it comes equipped with 
a base-point p & X which, after passing to a suitable subsequence, can be 
thought of as the limit of a sequence of points Pi E M associated with 
rescalings QQi of the given metrics. Since each of the metrics Qi is toric, 
the generators of the torus action span a 2-plane Hi C A^. © A^., and since, 
by construction, TpX is canonically identified with each Tp.M, we therefore 
obtain a sequence in the Grassmannian Gr2{A.p © A^). But the latter is 
compact, so we may arrange, by again passing to a subsequence, that Hj — > H 
for some 2-plane 11 C A^ © A^. Since the pull-backs of the rescaled metrics 
CiQi via suitable diffeomorphisms converge in C°° to g^o on compact subsets of 
X, the holonomy transformation of A^ © A^ induced by D-parallel transport 
in A^ ® A^ — > X around any smooth loop in 7 based at p is always the 
limit of the holonomy transformations in (M, Qgij) around loops based at Pi, 
and since the latter holonomy transformation act trivially on Ilj, it follows 
that n C Ap © Ap is invariant under the holonomy transformations induced 
by D-parallel transport. Hence 11 extends uniquely via £)-parallel transport 
to a Z)-parallel sub-bundle of A^ © A^ — > X, and we thereby obtain two 
non-proportional KiUing fields on {X,g^). Moreover, these KiUing fields can 
now be seen to arise, under suitable diffeomorphisms, as smooth limits on 
compact sets of linear combinations of the original two commuting Killing 
fields, so the two Killing fields rj, fj we obtain in this way on X automatically 
commute with each other. 

Now the two KiUing fields rj and fj become conformal Killing fields on the 
anti-self-dual orbifold X = XU{cxd} which vanish at the added orbifold point. 
But Pontecorvo [59] has pointed out that, even locally, any conformally fiat 
scalar-flat Kahler surface is locally symmetric, and it therefore follows that a 
non-flat ALE scalar-flat Kahler surface like (X, goo) can never be conformally 
flat. The compact orbifold X — X U {00} therefore has ^ 0. Thus the 
usual proofs of the Ferrand-Lelong/Obata theorem [47, 55] apply in this orb- 
ifold setting, and the conformal group of (X, [g]) coincides with the isometry 
group of some orbifold metric in the conformal class. Since our conformal 
Killing flelds rj and fj flx the orbifold point 00 E X, their action on X is 
therefore completely determined (via the exponential map) by their action 
on the tangent space at cxd in a local uniformizing chart. Up to finite covers, 
this therefore gives us a faithful 5'0 (4) -valued representation of the group 
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generated by rj and fj. But r) and 77 are independent, and [rj, fj] — 0. The 
2-dimcnsional Abelian Lie group they generate must therefore be covered by 
a maximal torus in S0(4), and so must be compact. Hence the Killing fields 
rj and f) generate an action of the compact group on {X,g^). Moreover, 
by replacing r) and rj with linear combinations, we may find an asymptotic 
chart for X in which 

g'oo = Euclidean + 0(ji ^) 

dgoc = 0{h 



-3> 



Now the original Killing fields on (M, CiQi) were real-holomorphic, so their 
l-iets in fact all belonged to A;', © A^'^. It follows that the limit plane 11 
is therefore a sub-space of A^ © A^'^, and 77 and fj are therefore also real 
holomorphic. Since these fields preserve both the metric g^o and the limit 
complex structure J = J^o, they therefore preserve the limit Kahler form 
uj — ujoo, too. We can thus arrange that in our asymptotic chart we also have 



U! 



dx^ A dx^ + dx"^ A dx^ + 0(ii~^) 



By Lemma 14, hi{X) = 0, so both rj and fj are globally Hamiltonian; that 
is, there exist smooth functions ti,t2 : X ^M. such that 

'^iv, ■) = -dti, uj{fj, ■) = -dt2 , 
and the above asymptotics therefore give us 

h = ^^^ + 0(fl) 

This shows that ti + ^2 > on the complement of a compact set, and it 
therefore follows that the moment map 

t = {hM) : a: 

is proper. Moreover, any linear combination ait\ + 02^2, where ai and 02 
are positive constants, is proper by the same argument. Since 77 and 77 are 
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Killing fields on our Kahler manifold, a generic such linear combination has 

only non-degencratc critical points, and is therefore a Morse function. The 
essence of [6] therefore applies, despite our non-compact setting. Namely, 
the image of t is a convex subset of the plane, bounded by two half-lines and 
a finite number of line segments of rational slope: 



The two boundary rays arise from the fixed-point sets of r] and fj, which are 
totally geodesic copies of C emanating from two fixed points of the torus 
action. The boundary segments arise from other sets where some circle sub- 
group of acts trivially. The inverse image of each such segment is a totally 
geodesic surface, which must in turn be a topological 2-sphere because of the 
residual circle action; moreover, each such 2-sphere is the zero locus of a 
holomorphic vector field, and so is a holomorphic curve. Finally, the union 
of these CPi's is a deformation retraction of X, as may be accomplished by 
pushing along the flow of some Morse function aiti + 0,2^2- Thus b2{X) is 
exactly the number of line segments, and H2{X) is generated by holomor- 
phically embedded CPi's, as promised. I 

Given the amount of structure we have already displayed, it seems ex- 
tremely plausible that our toric manifolds {X,goo) actually number among 
the scalar-flat Kahler instantons explicitly constructed by Calderbank and 
Singer [17]. The latter arise via a special form of the Joyce ansatz, and one 
of Joyce's results [34, Theorem 2.4.5] in any case imphes that our metrics 
g^o are at least locally expressible in his framework. Moreover, the results 
of Fujiki [26], although not immediately applicable here, make it seem very 
likely that a global result along these lines should actually hold. 

For our purposes, however, it will not actually be necessary to know the 
possible bubble metrics in closed form. Instead, the next few lemmas will 
supply all the information we need. 

Lemma 17 Let X be as in Lemma 11. Then h2{X) ^ 0. 
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Proof. If b2{X) — 0, the proof of Proposition 16 shows that there is a Morse 
function on X with exactly one critical point. 



Thus X is diffcomorphic to M^. Hence X = XU{oo} is diffeomorphic to 
5"', and the signature formula then shows that X is conformally flat. Thus 
(X,goo) is a conformally flat scalar-flat Kahler manifold, and Pontecorvo's 
theorem [59] therefore tells us that it is locally symmetric. Its curvature 
fall-off at infinity therefore forces {X,gao) to be flat^. But a deepest bubble 
X cannot be flat, so this case simply never arises. I 

While this result may look innocuous, it is actually heavily dependent 
on the fact that X is known to be toric. For example, there is a non-trivial 
Ricci-flat ALE metric (with isometry group 5*0 (3)) on CP2 minus a smooth 
a conic; but this space is diffeomorphic to TMP^, and so has 62 = 0. Perhaps 
the most dramatic consequence of the toric condition is that it guarantees 
the existence of a Morse function whose critical points all have even index; 
thus X must, in particular, be simply connected. We leave it as an exercise 
to check that, more generally, any simply connected scalar-flat Kahler bubble 
must have 62 7^ 0. The point is that X must then cither be hyper-Kahler, 
in which case one can appeal to the results of Kronheimer [36], or else the 
Ricci form will correspond to a non-trivial bounded harmonic 2-form on X. 

Lemma 18 Let {X,goo) be a deepest bubble, as in Lemma 11. Ifb2{X) = 1, 
then X is diffeomorphic to a complex line bundle of negative degree over CFi, 
in such a manner that the zero section corresponds to a holomorphic curve 
CPi C X. In particular, the intersection form of X is {—k) for some integer 
k > 1, and the group F at infinity is the cyclic group Z^. 

Proof. By flowing along the gradient of a suitable Morse function aiti -|- 
02^2, the proof of Proposition 16 shows that X is diffcomorphic to a tubular 
neighborhood of a single holomorphically embedded CPi: 

^This could also be proved by instead using a result of Anderson [2, Corollary 3.9]. 
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Since X has negative intersection form by Proposition 13, the claim follows. I 



Lemma 19 Let {X,goo) be a deepest bubble, as in Lemma 11. Ifb2{X) — 2, 
then X is diff'eomorphic to the 4-manifold obtained by plumbing together two 
complex line bundles over CPi. Moreover, there is a basis for H2{X^7j), 
represented by a pair of totally geodesies and holomorphic CPi 's, in which 
the intersection form becomes 



for some positive integers k > 2 and £ > 1. Finally, the group T at infinity 
is the cyclic group l^u-i- 

Proof. By following the gradient lines of a suitable Morse function 01^1+02^2, 
the proof of Proposition 16 shows that X is diffeomorphic to a neighborhood 
of a pair of holomorphically embedded CPi's: 



Since this neighborhood can be obtained by plumbing together the normal 
bundles of these CPi's, the intersection form certainly is given by a matrix of 
the above form for some A;,£ G Z. But X has negative intersection form by 
Proposition 13, so wc must have —k < 0, —i < 0, and —k — i + 2 < 0, as may 
be seen by taking the self-intersections of the two generators and their sum. 
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Thus k and i are both positive, and one of them (without loss of generahty, 
A;) must be large than 1. 

Now the 3-manifold iS'^/F must be diffeomorphic to any level set of the 
Morse function occurring above the highest critical point, and our plumbing 
picture says that this 3-manifold can therefore be obtained from the disjoint 
union of S^/Z^ and S^/Z^, thought of as principal circle bundles over the 
two CPi's, by deleting a trivialized neighborhood of a fiber in each and 
then identifying the resulting x boundaries via an interchange of the 
factors. It follows that S^/T can be constructed by gluing together two solid 
tori S'^ X along their boundaries x ^ W^/Z"^ via 

Thus a meridian of one torus becomes a circle of slope i/ {ki — 1) on the 
other, and the 3-manifold at infinity is therefore a Lens space L{ki — 
with fundamental group F = Zke-i. I 



7 Obstructions to Bubbling 

In light of the information gleaned from §3, the curvature of bilaterally sym- 
metric extremal Kahler metrics on M = CP2#2CP2 is rather tightly con- 
strained, at least when x e (0,a;o]; indeed, such metrics have 

if X = is in this range. However, the Kahler condition implies that 
SO any of these extremal Kahler metrics actually has 




By the signature formula, we also have 

f \W_\'^dn = -12Ti\{M)+ [ \W+\'^dn = 12%^ + [ '^dn 
JM Jm Jm 24 
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for any Kahler metric. Thus extremal Kahler metrics with ^([o;]) < 8 also 
satisfy 

implying, in particular, that 

\W-\'^dii < 237r^. 

M 

Wc will now use this and similar knowledge to prove, in stages, that curvature 
bubbling does not occur for sequences of such metrics. 

One of the tools we will use repeatedly is a variant of the Gauss-Bonnet 
formula. If {X, g^) is any ALE 4- manifold with group F at infinity, then the 
corrected form^ of the Gauss-Bonnet formula reads 



where x is the topological Euler characteristic of the non-compact manifold, 
and |r| is the order of the group. When {X^Qoo) is scalar-flat Kahler, this 
simplifies to become 

Our first key observation is that our deepest bubbles must necessarily have 

Lemma 20 Let Qi he a sequence of unit volume bilaterally symmetric ex- 
tremal Kahler metrics on M — CP2#2CP2 with A{gi) < 8 — 5 for some 

5 > 0; and suppose that sectional curvatures are not uniformly hounded for 
this sequence. Let {X,goo) be a deepest bubble extracted by rescaling a subse- 
quence at points of maximal curvature. Then, at infinity, the ALE scalar-flat 
Kahler manifold (X, (^oo) is asymptotic to M'^/F for some F {!}. That is, 
{X,g^) cannot be strictly asymptotically Euclidean. 



^This may be proved by Chern's method [21] ; namely, if we choose an asymptotically 
outward pointing vector field, the Gauss-Bonnet integral counts the number of zeroes of 
the vector field, plus a boundary integral which would contribute —1 in Euclidean space. 
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Proof. Suppose we had such a bubble with F = 1. Then, by Propositions 12 

and 13, the one-point compactification X = XU{oo} of X is a compact anti- 
self-dual 4-manifold with negative intersection form. The signature formula 

^^^^=i^X^'^^''"'^-''^^^^ 

and the conformal invariance of W therefore give us 

\W_\'dpi,^^12n%2{X). 



L 



On the other hand. Lemma 14 tells us that hi — — 0, so (9) with |r| = 1 
becomes 



and we therefore conclude that 

Jx 

But our assumptions imply that 



limsup / \f\^d^Jig^ < 87r^(l — 5), 

i— »oo J M 



and Lemma 11 tells us that 



I^P^A^floo — limsup / \f\'^djj,g. < Stt^ 

X i-»oo Jm 

so we must have 62 (-^) = 0. But this now implies that both f and W_ vanish 
identically, forcing g^o to be flat. However, this is impossible, since {X,goo) 
is a deepest bubble. Thus deepest bubbles with F = {1} cannot arise in the 
present context. I 

Similar reasoning gives us: 

Lemma 21 Let gi and (X, g^) he as in Lemma 20. Then X is diffeomorphic 
to a region of M which is invariant under Fi <-> F2, and this 7^2- action 
induces a holomorphic isometric involution of (X, gfcc) . 
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Proof. If (X, (yfoo) is a deepest bubble arising as in Lemma 20, we now know 
that r 7^ {1}, and hence |r| > 2. Moreover, bi{X) = b^iX) = by Lemma 
14 and 62 7^ by Lemma 17. Hence x{^) ^ 2, and 

/ |W^-|'d/x>87r2(2--) > 127r^ 
Jx 2 

Since inequahty (8) tells us that we have < 237r^ worth of to bubble 

away. Lemma 15 therefore shows that Fi ^ F2 must induce an isometry of 
X, and that X is actually diffeomorphic to a region of M which is invariant 
under the corresponding Z2-action. I 



Lemma 22 Let gi and {X,gao) be as in Lemma 20. If b2{X) = 2, then 
r = Z3, and X has intersection form 

-2 1 
1 -2 



Proof. In conjunction with inequality (8), Lemma 11 tells us that 



SO that 

When b2{X) = 2, we thus have |r| < 5. 

But when b2{X) — 2, Lemma 19 tells us that the intersection form is 

-k 1 

1 -e 

for some k > 2, i > 1, and that F = '^ke-i- But Lemma 21 tells us that 
we have a Z2 action which interchanges the two totally geodesic CPi's which 
generate {X, Z) . The intersection form must therefore be given by 

-k 1 
1 -k 

for some k>2, and F = ^k^-i- But we have also just seen that |F| < 5, so 
it follows that k — 2\s the only possibihty. I 



32 



Lemma 23 Let Qi and {X,g^) be as in Lemma 20. If h2{X) — 1, then X 
must be diffeomorphic to the line bundle of degree —2 or —3 over CPi. 

Proof. By Lemma 18, X must be diffeomorphic to the hne bundle of degree 
—k over CPi for some k > 0. If C denotes the homology class of the zero 
section, the Poincare dual of Ci is the rational homology class [{k — 2)/k]C, 
and it follows that the limit metric satisfies 



/ |r|2ci//,^ = -87r2cH87r2 
Jx 



ik-2) 
k 



2 



Since this number must be less that Stt^ by Lemma 11, it follows that k = 2 
or 3. I 

Thus, in hght of Lemmas 14, 17, 22, and 23, only three cases still remain: 

(i) b2{x) = 1, r = Z3; 

(ii) b2{X) = 1, r = Z2; and 

(iii) b2{X) = 2, r = Z3. 

The first of these, however, is easy to eliminate: 

Lemma 24 In the situation of Lemma 20, X cannot be as in case (i) above. 

Proof. Suppose X were as in case (i). Then, by Lemmas 21 and 23, 
M = CP2#2CP2 would contain a smoothly embedded 2-sphcrc S of self- 
intersection —3 whose homology class was invariant under Fi F2. This 
Z2-invariance of [S] e H2{M, Z) would then allow us to express this homology 
class as 

[S] = mFi + mF2 + nE 

for some integers m and n, and the self-intersection condition would then 
become 

-3 = 2m^ - 
But reducing this mod 3 gives us 

m'^ + 71^ = mod 3. 
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Since m^, = or 1 mod 3, this can only happen if m, n = mod 3. But 
now setting m — 3j, n — 3k, we then have 

-1 = 6f - 3fc2 

and reducing mod 3 again then yields a contradiction. Thus case (i) cannot 
arise. I 



Eliminating the remaining two cases is not much harder, but does use 
considerably more of the information available to us. 

Lemma 25 In the situation of Lemma 20, X cannot be as in either of cases 
(ii) or (iii) above. 



Proof. Since the limit metric g^o on X is by construction a pointed limit of 
larger and larger rescalings of the metrics gi, the generators of H2{X, Z) must 
arise from smooth 2-spheres Si G M whose areas with respect to the gi tend 
to zero as i — > oo. In case (ii), let Si be the smooth 2-sphere corresponding to 
the zero section CPi; in case (iii), let Si be a 2-sphere corresponding to one 
of the two CPi generators, and Si be its reflection under Fi <-> F2. Now any 
of our unit- volume bilaterally symmetric Kahler classes [cui] is of the form 

, , {1 + X,){Fi + F2) - X^E 

ml / ^ 

1 + 2a;i + f 

and has ^([o;],) = f{xi) < 8. Since limx^^f{x) — 9, we have Xi e (0, /T) 
for some fixed upper bound K. Choose some i large enough so that the 
associated embedded 2-sphere Si G M has area < {K + 1)^^ with respect to 
gi. In case (ii), we then set S = [Si] e H^{M,Z), while in case (iii), we set 
E = [Si] + [Si] . Since E is then either represented Si or by Si together with 
its reflection Si, we then have 

|[u;,]-E|<2area(5,)<-^^ (10) 

by Wirtinger's inequality. 

Since the homology class E is Z2-invariant, we have 

E^jFi+jF2 + kE 
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for some integers j and k. But we have arranged that = — 2 in either case 
(ii) or case (iii), so we obtain 

-2 = 2f - k'^ 

and A; 7^ is therefore even, while j is odd. Setting k — 21 for some integer 
£ 7^ 0, we therefore have 

and hence 

In particular, this tells us that 

>1, 

so j and j ' + £ cannot have opposite signs, and j ^ 0- Hence 

|r 1 ^1 ^ |2j(l + Xj) +kXi\ ^ ^ \j + {j + e)Xi\ 



l + 2xi+^ \/l + 2xi + 



2 V ' 2 



> ^ > > 



X7 



l + 2Xi+ 2 



,2 



1 + 1 + x 



since e (0, iC). Hence (10) implies the glaring contradiction 

2 2 

> IU;1 - SI > 



K + 1 ' K + V 

and it follows that cases (ii) and (iii) never actually arise. I 

Since all possible deepest bubbles have thus been excluded, no bubbling 
can occur, and Theorem 10 therefore implies the following: 

Proposition 26 Let g.i he a sequence of unit-volume bilaterally symmetric 
extremal Kdhler metrics on (M, J) = CP2#2CP2 such that the corresponding 
Kdhler classes [uji] all satisfy A{[u!i]) < 8 — 5 for some 5 > 0. Then there is 
a subsequence Qi. of metrics and a sequence of diffeomorphisms $j : M — > 
M such that ^^Qi^ converges in the smooth topology to an eoctremal Kdhler 
metric on the smooth A-manifold M compatible with some complex structure 
J = hm^^oo ^j*J- 
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8 The Proof of Theorem A 



In the previous section, we saw that sequences of bilaterally symmetric ex- 
tremal Kahler metrics with A < 8 — 5 necessarily have subsequences which 
converge as smooth metrics. We now use this to study the set of Kahler 
classes which admit extremal Kahler metrics. 

For any positive real number x > 0, let [uj]^ denote the Kahler class 
(1 + a;)(Fi +F2) -xE on (M, J) = CP2#2CP2, and let us once again consider 
the function f{x) = A{[lu]x) studied in §3. Set L denote the smallest positive 
number in /~^(8), so that (0, L) is a connected component^ of f~^[{0, 8)]nR+. 

Theorem 27 For every x e (0, L), = {l+x){Fi + F2)—xE is the Kahler 
class of an eoctremal Kahler metric on the complex surface M — CP2#2CP2 
obtained by blowing up CP2 at two distinct points. 

Proof. Consider the subset X of the interval (0, L) consisting of those x 
for which [uj].j; contains an extremal Kahler metric. Then X is non-empty [4] 
and open [44]. Since (0, L) is connected, it therefore suffices to show that X 
is also closed. 

To this end, consider a sequence Xi & X which converges to some x e 
(0,L). Consider the corresponding extremal Kahler metrics Qi, which have 
volume [uj]lj2 = 1 + 2xi + xj/2 ^ 1 + 2x + x'^/2 = [uj]l/2. By rescahng 
these to unit volume, applying Proposition 26, and then rescaling back, there 
must exist a subsequence gi . of the gi and a sequence of diffeomorphisms $j 
such that the pull-backs ^^ft^ smoothly converge to a metric g on M. Now 
recall that each of the metrics gi is toric, for a fixed action of the 2-torus on 
M. Choose a fixed point p of this action, and choose an decomposition of 
the tangent space Tp into a direct sum Li © L2 into two complex lines which 
diagonalize the induced action of consider its images ^jip) under these diffeo- 
morphisms. Since M is compact, we may assume that these points converge 
to a point p in M; similarly, by again passing to a subsequence, we may also 
assume that the images of the orthogonal subspaces Li, L2 C TpM converge 
to give an orthogonal decomposition of TpM. Once this is done, we then 
obtain a limit isometric action of the 2-torus on (M, g) by pushing forward 
the corresponding rotations of TpM and conjugating with the exponential 
map of g. Since the push-forwards J converge to a complex structure J 

^We are actually convinced that there are no other connected components, but there 
is no pressing need to try to prove this here! 
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which is parallel with respect to g^, we moreover conclude that this limit torus 
action is holomorphic with respect to J. 

Now each of the holomorphic curves Fi, F2 and E in CP2#2CP2 is the 
fixed point set of the isometric action of some circle in the 2-torus, so each 
is totally geodesic with respect to the Qi. By looking at the corresponding 
fixed point sets of the limiting action of circle subgroups, we can therefore 
find totally geodesic 2-spheres in {M, g) which are the limits of the images of 
these submanifolds. These limit 2-spheres are moreover holomorphic curves 
with respect to J, and have the same homological intersection numbers as 
the original curves Fi, F2 and E. By blowing down the image of E and ap- 
plying surface classification, we thus conclude that (M, J) is biholomorphic 
to the blow-up of CPi x CPi at a point. Moreover, since the areas of these 
totally geodesic 2-spheres are the limits of the areas of the corresponding 
CPi's with respect to the gi^, the Kahler class of g on (M, J) must be the 
limit of the [uj]i.. Thus there exists a diffeomorphism $ : M — > M such that 
^*J — J, and such that ^*g becomes an extremal Kahler metric with Kahler 
class [u;]x. This shows that x E X. Thus X is closed, and the result follows. I 

Now Lemma 3 tells us that xq e (0,1/). It therefore follows that 

[u;l,^{l + xo){Fi + F2)-xoE 

is the Kahler class of an extremal Kahler metric g. However, Corollary 8 
then tells us that the conformally related metric h — s'''^g is Einstein, and 
defined on all of M. We have therefore proved the existence of an Einstein 
metric on CP2#2CP2 which is conformally Kahler, and therefore Hermitian, 
precisely as claimed by Theorem A. 

9 Concluding Remarks 

While we have proved the existence of the Einstein metrics promised by 
Theorem A and its corollaries, we have not proved that such metrics are 
necessarily unique up to rescaling. On the other hand, in light of [19], this 
would follow [41] if the critical points of A could simply be shown to form a 
unique ray in the Kahler cone. Extensive computer calculations by Gideon 
Maschler [53] provide overwhelming evidence to this effect, and could ar- 
guably be called a "computer- assisted proof" of this assertion. Nonetheless, 
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it might be wiser to simply treat Maschler's calculations as strong circum- 
stantial evidence, rather than as a definitive proof. In any case, a conceptual 
proof more accessible to the human mind would be prerequisite to any claim 
that we really understand this phenomenon. One valiant attempt in this 
regard was made by Simanca and Stelling [63], who calculated the Hessian 
of the functional and concluded that all critical points must be local minima; 
but, contrary to what is tacitly assumed in their paper, this alone does not 
logically suffice to show that the critical ray is actually unique. We would 
therefore like to draw attention to this important gap in our knowledge, in 
the hope that some interested reader will be inspired to provide a definitive 
solution to the uniqueness problem. 

Of course, the results of this paper also prove the existence of extremal 
Kahler metrics in a whole range of bilaterally symmetric Kahler classes on 
CP2#2CP2 other than the 'target' class x = xq used to construct our con- 
formally Kahler Einstein metric. For example, it is not difficult to show 
that X — 1 actually hes in the interval (0, L) of Proposition 27, and this 
implies that the first Chern class ci(M) is actually the Kahler class of an 
extremal Kahler metric. In fact, in light of Theorem 10, it seems plausible 
to us that every bilaterally symmetric Kahler class might be represented by 
such a metric, but one would certainly need to consider many more possible 
bubbhng modes as x — > oo. Nonetheless, since the results of Arezzo-Pacard- 
Singer [4] do imply the existence of such metrics for all sufficiently large x, 
such a conjecture might seem quite tempting. Of course, it would also be 
highly desirable to understand existence for Kahler classes which do not sat- 
isfy our convenient but somewhat arbitrary condition of bilateral symmetry. 
However, it is not hard to check that large regions of the Kahler cone of 
CP2#2CP2 actually lie outside the controlled cone of §5, so our method of 
controlling Sobolev constants, leading to Theorem 10, actually exploited the 
imposition of bilateral symmetry in an essential manner. 

The key role of toric geometry in the present paper may make it seem 
curious that we have not consistently operated in the toric context through- 
out, rather than taking limits which are only then proved to be toric at the 
price of considerable extra effort. Since Donaldson [24] has outlined a beau- 
tiful, systematic program for the study of toric extremal Kahler manifolds, 
we certainly wonder if some steps in our long argument could be simplified 
or eliminated altogether through the adoption of a different point of view! 

We would like to once again draw the reader's attention to the central role 
played by ALE scalar-fiat Kahler surfaces in our proof. Although there is a 
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considerable literature [13, 14, 17, 28, 31, 34, 35, 37, 38, 39] concerning the 
construction of such metrics, it is apparent that too little is still known about 
their classification outside the hyper-Kahler realm so thoroughly mapped out 
by Kronheimer [36] . In general, this problem seems daunting, but in the toric 
case it might be feasible to prove that the only possibilities are the metrics 
constructed exphcitly by Calderbank and Singer [17]. A related problem 
would be to try to classify toric anti-self-dual orbifolds by extending the 
beautiful paper of Fujiki [26]. 

Finally, we believe that it would be interesting to extend the techniques 
used in this paper to construct Bach-flat Kahler metrics which are not glob- 
ally conformally Einstein. Such metrics can certainly sometimes exist when 
Ci fails to be positive; for example, the study of extremal Kahler metrics 
on Hirzebruch surfaces [33] reveals that the differentiable manifold S*^ x S"^ 
admits Bach-flat conformal structures corresponding to many different crit- 
ical values of the Weyl action W. It would be certainly be interesting to 
see if this same phenomenon occurs for many other complex surfaces. We 
hope that it may prove possible to use our present methods to construct such 
metrics on certain other surfaces with cf > 0. In any case, the convergence 
of sequences of extremal Kahler metrics on complex surfaces seems destined 
to develop into a rich subject of broad interest, ultimately involving issues 
of algebro-geometric stability [23, 24, 52, 60, 61, 67] that have played no role 
at all in our present story. 
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